
The state in the copper  samples  on the p res su re  plate was determined by the reflection method with the 
use of the resul ts  of [4]: p=368 kbar,  D=5.15 k m / s e c ,  u=0.80 km/ sec ,  P0=8.93 g / c m  3. A flying indicator 
was used for  better  observat ion of the motion of the surface.  It was made of copper  foil with a thickness of 
0.03 mm and was attached to the sample surface by rubbing it on VM-4 oil. The measurements  were ca r r i ed  
out with an $1-24 osci l loscope.  The supply source  was a 10-~uF capaci tor ,  which was discharged into the sen- 
sing element c i rcu i t  with a l imiting res i s tance  R = 4 0 0 ~ . T h e  initial res is tance  of the elements in the test  was 
10-12 ft. 

The initial data and experimental  resul ts  a re  summar ized  in Table 1. Also given in the table is the r e -  
sult  of A l ' t shu le r  et al. [1], which exhibits good agreement  with our  result .  

It is evident f rom the given example that the proposed method can be used successful ly in investigntions 
of the proper t ies  of mater ia l s  under high p r e s su re s .  The application of the proposed method affords the pos-  
sibil i ty of determining unloading angles in complex shock waveforms and of determining wave profi les.  
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ASYMPTOTIC OF THE FLOW IN THE NEIGHBORHOOD 

OF A CENTER DURING COLLAPSE OF A SPHERICAL 

Ya. M. Kazhdan 

C A V I T Y  

UDC 533.21 

1. The problem of the collapse of a spher ical  cavity is examined in [1, 2] and the limit mode for  gas 
flow outside the cavity in the neighborhood of the center  is presented as the cavity radius tends to zero R--* 0. 
The equation of state of the gas in the cus tomary  notation has the form 

C 2 

p = p0 ~ - l ) ,  

where  p is the p re s su re ,  p is the density,  6 = P / P o ,  c i s t h e  speed of sound, Sin an entropy quantity, and the sub- 
s c r ip t  0 cor responds  to the unperturbed state.  The flow up to the time of collapse was assumed isentropic 
S =S o in the approximation under considerat ion.  Zero p ressure ;  and therefore ,  constant,  nonzero specific den-  

si ty 8 = 80 and speed of sound c0/4~0 cor responded to the cavi ty boundary, where 80~ 0 = 1. Without limiting 
the general i ty,  it can be considered that S o =50 =1 and, correspondingly,  the sound speed on the free boundary 
equals c o because the gasdynamics  equations in combination with the equation of state (1.1) are  invariant re la -  
tive to a s imi la r i ty  t ransformat ion:  

r = rot, t = tot, u = uou, 8 = 808, S = S o S ,  

where 

Uo = ro/to; So8~ = 1; Uo = i/]/8o. 

*All  the personal  re fe rences  associa ted  with the s eK-s imi l a r  solution of the appropriate  problem are  pre-  
Sente~ in [1]. 
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It is well known f rom tests  and numerica l  computations that high densit ies,  and correspondingly p res su res ,  
occu r  in the neighborhood of the center  as R--0 .  Hence the equation of state (1.1) was replaced by the equa- 
tion of state of a polytropie gas 

poC~SUS (1.2) 

in obtaining the principal  t e rm of the flow asymptot ic  as R ~ 0 . I twas  assumed that the desi red limit mode is 
independent of the initial data. In such a formulation,  the problem was reduced to finding the s e l f - s imi l a r  
solution of the gasdynamic equations cor responding  to spherical  symmet ry  and satisfying the boundary condi- 
tions on the free surface:  

~R (i.3) p = 0, - ~  = u, 

where  u is the velocity and t the time measured  f rom the instant of collapse.  

Because of (1.2), the zero  density, and therefore ,  the zero  speed of sound, correspond to the zero p re s -  
sure .  Therefore  the speed of sound on the f ree  boundary in the s e l f - s imi l a r  solution found, which is the pr in-  
cipal  t e rm of the asymptot ic  in the neighborhood of the cen te r  as R--0,  was different by the finite constant c0 
in the initial formulat ion of the problem. 

The second m e m b e r  of the asymptot ic  in the neighborhood of the center  as R--0  is written down in this 
paper.  The sum of the f i r s t  two t e rms  of the asymptotic turns out to be sufficient to obtain the given speed of 
sound c o in the asymptot ic  of the free boundary co r rec ted  by the second te rm as R ~ 0 .  Hencel as before,  the 
flow during col lapse is assumed isentropic.  

2. Because of the isentropici ty  of the flow in the equation of state (1.1) o r  (1.2), the gasdynamics equa- 
tions cor responding  to spher ica l  s y m m e t r y  can be represented as follows: 

OA OA [~ -- ~ OB OB ~ .- fi~ 
0"-~ -[- a"O"~'r = 2r ' 0-7- + ~-'~r = 2r ' 

where  A and B are Riemann invariants ,  and a and ~ are  slopes of the cha rac te r i s t i c s  

2 2 (2.1) 
A = u + -~:T_ i c,: B = u --  x--Z-i-c. 

We seek the asymptot ic  of the flow as R ~ 0  in the form 

B = T t  [b.(~)-4- r~b,(~)], (2.2) 

where 

-- ~0 tr-k" (2.3) 

The line ~ = c o n s t = l  co r responds  to the free surface in a s e l f - s imi l a r  flow, as can be seen by select ing the 
constant  ~ 0 in an appropr ia te  manner .  

In the approximation proposed,  the equation of the free boundary is represented in the form 

= t - } -  g R  v*. (2.4) 

Because  of (1.1), the conditions on the f ree  boundary are  rewrit ten f rom (1.3) in the form 

• - ~ ___R {a ~ (~) _ bo (~) _~_ RV [a, ( ~ ) ,  b 1 (r -)- Cot (2.5) 
4 kt 

- -  T gR ) ,~  2-s [a*(r + b,(r 

as R ~ 0 .  

3. The functions a0(~ ) and b0(~ ) a re  the principal  t e rms  of the asymptotic corresponding to the self-  
s i m i l a r  flow and a re  determined by the sys tem of o rd ina ry  differential  equations 

aa o 2 (h- -  1) ka o -  (h + t )  a~ - -  ( h - -  2) aob o + b~ ( 3 . 1 )  
k ~  --~-~ = 2 (h - -  l )  - -  ha  o - ( h - 2 )  b 0 ' 
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db o 2 (h -- t) kb o -- (h + t) be 2 -- (h -- 2) %b o + a~ ( u + l ~. (3.1) 
k~ -~- = 2 (h - t) - hb 0 -- (h -- 2) a 0 h = ~ _ 1 ] 

The  boundary  condi t ions  a r e  imposed  on the f r ee  s u r f a c e  to which the l ine ~ =1 c o r r e s p o n d s ,  and on the l ine 
=0 c o r r e s p o n d i n g  to a focus ing  sl i t .  

As a l r e a d y  noted,  the sound of speed on the f r e e  boundary  is ze ro  in the s e l f - s i m i l a r  solut ion.  Hence,  it 
fo l lows f r o m  (1.3), (2.1) and (2.2) that  f o r  } =1 

ao(l) ---- b0(t) = 1, (3.2) 

while  it fo l lows f r o m  the condi t ion  of  f in i t eness  of the funct ion on the focus ing  sl i t  that  f o r  ~ = 0 

adO) = b0(0) = 0. (3.3) 

As  is known [1], the index k in the r e p r e s e n t a t i o n  (2.4) cannot  be d e t e r m i n e d  f r o m  d i m e n s i o n a l  c o n s i d e r a t i o n s  
but  is found f r o m  the condi t ions  f o r  the ex i s t ence  of a solut ion of the s y s t e m  (3.1) which sa t i s f i e s  the boundary  
cond i t ions  (3.2) and (3.3). The d e s i r e d  in tegra l  c u r v e  should hence  pass  through the s ingu la r i t y  of the s y s t e m  
(3 .1):  

= ~ (0 < ~ < 1), a0 (~)  = 2 ( ~ -  ~) - ~o (r h -- 2 ' (3.4) 

l 
b 0 (~) = ~ [ - -  (h --  2) * (k - -  t) + 2h - -  V [(h --  2) * (k - -  t )--2h] ~ --16(h-- t)] .  

F o r  va lues  of the po ly t rop ic  index ~4 b e l o n g i n g  to the range  0 < n < 8.47, the  s ingu la r i t y  at  this point  is of node 
type .  Hence,  f o r  these  values  of ~< it tu rns  out  that  the poss ib le  va lues  of k fill  the whole  band whose  ends a r e  
d e t e r m i n e d  by the po ly t rop ie  index ~ .  However ,  the so lu t ions  undergoing  a weak d i scon t inu i ty  on the line ~ = 

1 c o r r e s p o n d i n g  to the c h a r a c t e r i s t i c  a r r i v i n g  at  the c e n t e r  a t  the t ime of co l l apse  c o r r e s p o n d  to a l m o s t  al l  
of  them.  Because  a weak  d i scon t inu i ty  at  the c h a r a c t e r i s t i c  ment ioned  does  not c o r r e s p o n d  to the phys ica l  
f o r m u l a t i o n  of the p r o b l e m ,  "ana ly t i c"  indices ,  i .e . ,  those:  to which ana ly t ic  so lu t ions  c o r r e s p o n d ,  a r e  taken 
a s  the d e s i r e d  va lues  of the s e l f - s i m i l a r i t y  index k. However  it t u rns  out  that  this r e q u i r e m e n t  does  not a s -  
s u r e  uniqueness  of the solut ion;  a d i s c r e t e  se t  of  "ana ly t i c"  indices  ex is t s  f l ] .  

The quant i ty  k hence fo r th  c o r r e s p o n d s  to s o m e  fixed "ana ly t i c"  index of  s e l f - s i m i l a r i t y  f o r  a given po ly -  
t rop ic  index ~ .  

The a sympto t i c  of the funct ions  a0(~ ) and b0(~ ) a s  } - -1  can be obtained f r o m  (3.!) and condi t ions  (3.2): 

a o ( ~ ) ~ t -  ] / /  2(h-- l )(kk-- t )( t - -~)  "~h+'12 (h - - t )  kk--(h-~2) ( 1 - -  ~), 

b 0 (~ )~  t -[- } ' f  2(h-- t) (k -- t) (t -- ~) _u 2 (h--l)  k - - ( h + 2 )  ( i - - ~ )  
k ~ h % t  k 

(3.5) 

and as  ~ - - 0  

ao(~) ~ R0~, b0(~) ~ Q0~_. (3.6) 

4. The funct ions  al(~ ) and bl(~ ) a r e  d e t e r m i n e d  by the equat ions  

n ' - - t  

r 

a r 3 - •  (b~ --b0~) ~ k l  a0l = 0. -~ -k - -y - -e0  -}- _ 

The  va lues  } =1,  } =} 1 and ~ =0 will  be s ingu la r  points  f o r  this s y s t e m .  To obtain  the a s y m p t o t i c  of the func -  
t ions  al(~ ) and bl(} ) in the ne ighborhood  of these  va lues  the coe f f i c i en t s  f o r  these  funct ions  and the i r  d e r i v a -  
t ives  in s y s t e m  (4.1) a r e  r e p l a c e d  by t he i r  expans ions  in the ne ighborhood of these  va lues .  

If the a p p r o p r i a t e  coe f f i c i en t s  of s y s t e m  (4.1) a r e  r ep l aced  by the f i r s t  t e r m s  of  the i r  expans ions  in the 
ne ighborhood  of the value } =1 by using the a s y m p t o t i c  (3.5), then the c o r r e s p o n d i n g  equat ions  will have the 
f o r m  
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u 2 i ' ( t - - ~ ) a i = ~  ~ ~ - b t ,  T �9 8 a i ' ~  ~l' (4.2) 

f r o m  which  

db 1 (~ -~ t) b 1 + (3-- n) a~ 
, ~ , 

da I (3 -- u) b l+  (n -~ l) a I 

The g e n e r a l  solut ion of  this  equat ion wil l  be 

bl - -  at  = C(bi  + al)(x-')/2. (4.3) 

The  s y s t e m  (4.2) does  not p o s s e s s  a bounded solut ion f o r  } =1,  except  the t r iv ia l  a 1 ~ bl--- 0. Indeed,  it is n e c -  
e s s a r y  tha t  a ( 1 ) = b ( 1 ) = 0  fo r  the solut ion to be bounded a t  ~ =1.  Subst i tut ing bi ~ a 1 o r  bt ~ -  a 1 in (4.2) a c c o r d -  
ing to the solut ion (4.3), we obtain  in the f i r s t  c a s e  

ai ~ C(t - -  ~)-'/~x-,), bi ~ C(I - -  ~)--~/(u-,), 

and in the second  

al ~. D(l - -  ~)-1/~, bl ~ " D ( i  - -  ~)-l/~ 

F o r  x =3 the fo l lowing a s y m p t o t i c s  a r e  poss ib le :  

ai .~ Ci(t - -  ~)-l/~, bl ~ C~(t - -  ~)-1/~, 

whe re ,  in g e n e r a l ,  C~ ;~ C~. B e c a u s e  of taking accoun t  of the next  t e r m s  in the expans ions  of  the coef f ic ien t s  of  
s y s t e m  (4.1), the a s y m p t o t i c  of  the g e n e r a l  so lut ion of this s y s t e m  will a p p e a r  as  fol lows in the ne ighborhood 
of  the value  } =1:  

a ,  ~ ,  M ( t  - -  ~ ) - l / ( u - t )  + K ( I  - -  ~ ) ( . - 3 ) /2 (~x - , )  + . . . + N ( I  - -  ~ ) -1 /2 ,  

bx ~ M(I  - -  ~)-f/(~-~i _ K( l  - -  ~)(~-a)/z(x-l) + ...... - -  N(t - -  ~)-1/2 for u =/= 3, 

al ~ Mi(l - -  ~)-i/L b 1 ~ M2(t - -  ~)-1/2 for u: = 3, 

w h e r e  

the coef f i c i en t  of  b]~ van i shes .  
=~ 1, then the equa t ions  

(a J4) 

K = 22__~Mu_ [ 2--u ~ (h -- i)k--k (h + 2) ~ -1 - -  ~ 42k |'l" M, N, /!/1, M~ a r e  a r b i t r a r y  cons tan t s .  F o r  { : ~I 

Since the funct ions  ao(~ ) and bo(~ ) a r e  ana ly t ic  in the ne ighborhood of the value 

�9 aw4 § blC 
a l  ~ a iB  + blD,  b'l ~ ~ - ~l 

a r e  obta ined  as  a r e s u l t  of r e p l a c i n g  the coe f f i c i en t s  of s y s t e m  (4.1) by the f i r s t  t e r m s  of the i r  expans ions  in 
the ne ighborhood  of  } t, whe re  A, B, C, D a r e  cons t an t s  d e t e r m i n e d  by the s e l f - s i m i l a r  solut ion.  The  solut ion 
of  s y s t e m  (4.1), which is bounded in the ne ighborhood  of the l i ne~  =41,  ex i s t s  under  the condi t ion 

al(~l)A + bl(~i)C = 0. (4.5) 

Two ana ly t ic  i n t eg ra l  c u r v e s  of  s y s t e m  (4.1) i s sue  f r o m  the point  ~ 1, al(~ t), bt(~ t)- One c o r r e s p o n d s  to the 
so lu t ion  ~ = ~I and l ies  in the plane albi ,  and the second  c o r r e s p o n d s  to the c u r v e  L which tends to infinity as  

~ 1  in c o n f o r m i t y  with the a sympto t i c  (4.4). Because  of the l inea r i ty  and homogene i ty  of s y s t e m  (4.1), the 
two in t eg ra l  c u r v e s  c o r r e s p o n d i n g  to d i f f e ren t  so lu t ions  of  (4.5) d i f fe r  by  a cons tan t  f ac to r .  

A c c o r d i n g  to (3.3) f o r  ~ =0 the funct ions  a0(~ ), b0(~ ) vanish .  Hence,  it fol lows f r o m  s y s t e m  (4.1) that  
the funct ions  al(~ ) and b1(~ ) a l so  van ish  f o r  ~ =0 a c c o r d i n g  to the a sympto t i c  

al(~) ~-. BI~, bl(~) ~ Q1~, (4.6) 

w h e r e  R1 and Q1 a r e  cons t an t s .  

5. A c c o r d i n g  to the a s y m p t o t i c s  (3.4) and (4.4) obta ined,  the condi t ions  (2.5) on the f r e e  bounda ry  a p p e a r  
a s  fo l lows:  
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(2M and 3N a re  r ep l aced  by M 1 +M 2 and M 1 - M 2 f o r  •  Taking  (2.4), the equat ion of the  f r e e  boundary  into 
account ,  t hese  condi t ions  wil l  be  sa t i s f i ed  if  and only if 

~4 

Since v-t-rain (. v~ ( x - 3 ) ~ )  v~ 2 ' 2(~--~) > ~ ,  h e r e ,  then  

( u - -  l )~o  V - -  2 ( h - - ~ ) ( k - - t )  - -  2-'----7"-- - g = c~ v~ = 2 (k  - -  f ) ;  ( 5 . 1 )  

�9 { ~ + ~ [ ( h - - t ) k - - ( h + 2 ) l ) g +  M(--g)-~/(~-~)=O. (5.2) 

The cons t an t s  go and M 0 sa t i s fy ing  (5.1) and (5.2) d e t e r m i n e  the d e s i r e d  so lu t ions  aI(~ ) and b 1 (~). Indeed, 
a s  ~ ~ 1  the a sympto t i c  of the i n t e g r a l  c u r v e  of s y s t e m  (4.1) e m e r g i n g  f r o m  the point  ~1, al(~l), bi(~ ), where  
al(~ I) and bl(~ l) a r e  any va lues  sa t i s fy ing  condi t ion (4.5), is d e t e r m i n e d  by (4.4). The d e s i r e d  selut ion is o b -  
ta ined as  a r e s u l t  of mul t ip ly ing  the va lues  a i (~ l ) and  bl(~ ) by a cons tan t  f a c t o r  M0/M 1 f o r  ~, : 3 and 2M0/M 1 + 
M 2 fo r  • =3,  as  is poss ib le  be c a use  of the homogene i ty  and l inear i ty  of s y s t e m  (4.1). The solut ion obtained 
can  be cont inued into the i n t e rva l  ~ 1 > ~ > 0, whe re  the funct ions  ~ ~ 0 and a l (  ~ ) van ish  as  bl(  ~ ) a c c o r d i n g  to 
the  a sympto t i c  (4.6). 

6. In c o n s t r u c t i n g  the s e l f - s i m i l a r  solut ion c o r r e s p o n d i n g  to the flow a f t e r  the t ime of co l l apse ,  it should 
be kept  in mind that  the s e l f - s i m i l a r  solut ion cannot  be cont inued con t inuous ly  into the whole ne ighborhood of  
the c e n t e r  f o r  t > 0. A r e f l ec t ed  shock  i s su ing  f r o m  the  c e n t e r  o c c u r s  to which  the  ~ = ~B = const  c o r r e -  
sponds b e c a u s e  of  s e l f - s i m i l ~ i t y .  Hence, the shock  ve loc i ty  D is d e t e r m i n e d  by the f o r m u l a  

D --- r/kt. 

The ve loc i ty  and the speed of  sound in the s e l f - s i m i l a r  flow a r e  r e p r e s e n t e d  a c c o r d i n g  to (2.2) in the 
fo r m  

r ~o (~) + bo (~) ~ Uo (~), c = ~ % (~) - ~o (~) r 
u = ~t 2 = k---/ ~t 2 ( ~ - -  3) = -'ff Co (~). 

F r o m  the condi t ion on the shock  f ron t  

P01 D--U0o t --U0o (~)  
Poo D --Uol I --Uol (~) 

(the second  0 s u b s c r i p t  c o r r e s p o n d s  to the value of the funct ion ahead of the f ront ,  and the 1 to behind the f ront)  
it fo l lows that  the ra t io  of  the dens i t i e s  is cons tan t  on the f ront .  Since the speed of sound is not z e r o  ahead of 
the f ront ,  then the ra t io  of the speeds  of sound will  a l so  be cons tan t .  The ra t io  of the en t ropy  quant i t ies  will  
a l so  be cons t an t  be c a use  of the equat ion of s ta te  (1.2). The en t ropy  ahead of the f ron t  was  cons tan t ,  it wil l  
t h e r e f o r e  be cons tan t  in the s e l f - s i m i l a r  flow and behind the shock.  

Equat ions  fo r  the funct ions  U0(~ ) and C0(~ ) follow f r o m  s y s t e m  (3.1) 

du---~ (h - -  t )  c~ [ ( h -  ~) c o ( k -  uo) - WoUol - -  (~ - Vo) [v~ + ( h -  t) co ~ - kUo] 

~co  = c o {(~ - Uo)~[(~-- t ) ( ~ -  Uo) - 3Uol - - [uo  (v  o - k ) + ( ~ -  t ) c ~ ] } - '  

d_~ = ~ [CoaUo/aC o -  ( h -  ~) (~ - uo) 1 
dco Co [3u o - ( h - l ) ( k - U o )  l , 

(6 .1 )  

and condi t ions  on the shock  f ron t  have the f o r m  

l -  uo0 (~B) Co~ 0 (~) + x [1 -- Uoo (~)]2 (u -~ l) [l -- uoo (~)] Co21 (~B) + (• -- l) [i - uol (~B)] c~oo (~) (6.2) 

�9 ~ - uol (~.) = c~1 (~) + ~ [t - Uo, (~o)l 2 = i s -  i) [t - uo0 (~.)l  c~ i  (~.) + (~ + ~) [~ - uo~ (~.) l  C~o (~)" 

The l ine ~ = - ~  c o r r e s p o n d s  to  the c e n t e r  r =  0 , t  > 0. Since the  ve loc i ty  is z e r o  a t  the c e n t e r ,  and[ the speed 
of  sound is f inite,  then C0(-~o) > U 0 ( - ~  ). Tak ing th i s  into account ,  the a sympto t i c  of the funct ions  can be ob-  
ta ined f r o m  (6.1) as  ~ - - ~ - ~  

Uo ~ Ao -{- A~(--~) -:~/a, Co ~ Fo(--~) 1/k + FI(--~) -Ilk, (6.3) 
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where  .4 0 -~'t (h - -  t) (k --  l); A1 ---- A~176176 FI=-- 2 (h-- t) Fo" The constant  F 0 is determined f rom 

merg ing  the solutions ahead of the Shock front  by conditions (6.2). The shock front is found as follows. The 
integral  curves  of the f i r s t  equation of sys tem (6.1) a re  determined:  L 1 leaving the point U 0 = C o = 0 towards 
C b >0 in a direct ion determined by the asymptot ic  (3.6): 

dU o R o + q  o 
~Uo=Co=O, ~ ( h - - t )  

"~ Bo_Qo ~ 

and L 2 leavingthe  point U 0 = (1/3)(h - 1 ) (k - l ) ,  Co=OO. The c u r v e  L 3 (U0i  = f(C01))is eonstrueted aecordingto  
(6.2) f rom values of the quantities on the integral  curve L 1. The point of intersect ion of the curves  L z and L3 
co r r e sponds  to values of the functions U01(~B) and C0i(~ B) on the shock front. The quadrature  real ized acco rd -  
ing to the second equation of sys tem (6.1) de termines  the value of the quantity ~B and the constant F 0 in the 
asymptot ic  (6.3). The value of the entropy S behind the shock front is determined by the formula 

S o o . / t  _ U  ̂1 \~-I C S o) 
S =Sol  = t -- U o -  ~ 

7. The second t e rm of the asymptotic as t> 0 can be obtained as a continuous continuation of the solu- 
tion found in See. 5 to just  the value ~ =~B corresponding to the reflected shock front in the se l f - s imi l a r  solu- 
tion. Taking account of the second te rm of the asymptot ic ,  the line 

----- ~ -{- drV~ 

will cor respond  to the ref lected shock front, The flow behind the shock front will a l ready not be isentropic in 
the approximation under considerat ion.  The des i red  functions (there are  now three,  the velocity u, the speed 
of sound c, and the entropy S) a re  represented  in the form 

r ~ r C u ---- ~ -  [U0 (.) + r~U1 (~)], c = -ff [ o (~) + rVC1 (~)], (7.1) 

S = So [1 + r~S, (~)/So]. 

Before the f ront  S O =S00 = 1 is constant;  behind the front  

,o = ,o, = ' - "  - - ~ ( W ~ ) j  (~") Soo. 
Co'o (~,) 

The equations for  the functions Ul(~ ), Cl(~ ) and Sl(~ ) have the form 

( t _ V o )  V , ~ _ ( h _ ~ ) C o C , ~ .  ~ _ ,  c~ S '  2 + ~  (2+~-_V_ ~'o - -  C'o~) C, - -  (Uo~' T ' + - ~  ,~+---v-Uog,+(h--i) ' t ) U ~ = 0 ,  

c ' - c '  - " ~  - - (h - -  1) C0i]  U ,  = 0, (7.2) 

, % 
S ~  + (~ _ uo ) k S,  = O. 

The solutions of (7.2) should sat isfy  the requi rement  

rVU1 (~) ,, rvCi (r rVSl (D ~ - - - ~  u, ~0, --+0 for r---~-O, 
Uo(~) Co (~) 

t--*0 and -~o < } < }B" Two solutions sat isfying this requi rement  exist: 

{u~(~), c~(~), &~(~)}, {u~(~), c~.(~), &~(~)}. 

To the accuracy  of a constant,  the f i r s t  is extracted by the asymptot ic  for  ~ --* - , r  

Ula(~) ~ BI(--~) ~-~:~, C~ ~ B~(--~)~+'~ + D,(--~p-i/h, 

Sla -'~ Ba(--~.) ~ + Da(--~) ~-2/h, (7.3) 
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(h-- t) (k-- i) and the  c o n s t a n t s  Bi,  Di a r e  connec t ed  by the fo l lowing  r e l a t i o n s h i p s :  w h e r e  [~ = - -  3 - (h-- ~) (k -- l ) '  

F 0 
B~ = "~  B~, 

D ~  = k~jA~ (k - -  Ao) (k~ - -  2) --  t0k~F o (2AoF i --  AiFo) --  10 (2 + 'v - -  k~) AoFoF l B~,  
2 2 I0 (2 § "r - -  k~) AoF o (7.4) 

D~ = kp (k --  Ao) 

B~ = [(h -- i) (~ --  kp) + 5] A i B  ~ ~ 2 (h - -  t) (i -- Ao) D~. 

In the  s e c o n d  so lu t i on  the func t ion  i s  S1B(~ ) =  O, and the func t ions  U1B(~ ) and C1B(~ ) tend to in f in i ty  a s  ~ --* - ~  
in c o n f o r m i t y  wi th  the  a s y m p t o t i e s :  

Uia(~) ~-, Li(--~) v/k, Ci~ ~ L,(--~) (l+v)/a. (7.5) 

The  c o e f f i c i e n t s  L1 and L 2 a r e  c o n n e c t e d  by  the r e l a t i o n s h i p  

L~ = (h 3-Fo-- i) ~L~. (7.6) 

The  a s y m p t o t i c s ,  and t h e r e f o r e ,  the s o l u t i o n s  t h e m s e l v e s  b e c a u s e  of the l i n e a r i t y ,  a r e  d e t e r m i n e d  to the a c -  
c u r a c y  of a c o n s t a n t .  F o r  d e f i n i t e n e s s ,  we s e t  B~ =1 in (7.3) and (7.4), and L 2 =1 in (7.5) and (7.6).  The  d e s i r e d  
s o l u t i o n  i s  a l i n e a r  c o m b i n a t i o n  of the  s o l u t i o n s  of the s y s t e m  (7.2) which  have  the a s y m p t o t i c s  (7.3) and (7.5) 
a s  ~ -.~ --~o. 

{v~(~) ,  A ( ~ ) ,  s~(~)}  = q~{ul~(~),  c , . (~ ) ,  s ~ ( ~ ) }  :+  q~{u~B(~), A~(~),  s ~ ( ~ ) } .  

The c o n s t a n t s  qi, ql ,  and  d a r e  d e t e r m i n e d  by c ond i t i ons  on the shock  f ron t .  S ince  the shock  v e l o c i t y  in the 
a p p r o x i m a t i o n  under  c o n s i d e r a t i o n  has  the f o r m  

then  the r e l a t i o n s h i p s  be tween  the s e c o n d  t e r m s  on the shock f ron t  a r e  r e p r e s e n t e d  by t h r e e  equa t ions  

+ Y o l  d+Uai  +Uoo d + U l o  ( u + t )  a + ( ~ - - t ) p  

- vo, t - Voo 

(• -- 1) a+(• + 1) p 
- -  = 

(~ - 9 co~, (~ - Uoo) + (• + ~/CoCo (t - uo,) 

r( ~ , 

C~o + ~ (~ - Uoo ) (Uol - Uoo ) 

(~ + ~) c~o~ (l  - u0o ) + (~ - ~) c~o (~ - Uo3 

2Coo (C'ood + Clo ) + • {(I -- U0o ) [(U'0x --  U~0 ) d + Ull - -  Ulo ] 

c~0 + .  (t  - uoo ) ( u . ,  - u ~ )  

Cold -F Clt  Coo d 

-2\ c2 / it2 ol Coo )--#o"--lj" 

0~ : 2 (Cold --~ e l l  ) (~ - -  Yoo ) - -  COl [ (~B -~ Y ~ 1 7 6  Ji- 

) ] p = 2 (c .~  + Ao) (i - Uo,) - Coo ~ + uo.  d + u , , ,  

w h e r e  U00 , C00 , S00,U10 , C10 , $10 a r e  v a l u e s  of the  s e l f - s i m i l a r  s o l u t i o n  a n d t h e  s econd  a p p r o x i m a t i o n  ahead  of the 
s h o c k  f r o n t  and U0~ , Cos, S01, Ull ,  Cl l ,  Sis a r e ,  o o r r e s p o n d i n g l y ,  behindfk~e s h o e k f r o n t  f o r  ~ = ~B and the p r i m e  
d e n o t e s  the d e r i v a t i v e  wi th  r e s p e c t  to ~ a t  ~ = ~B" As a r e s u l t  of the  subs t i t u t i on  

Uli = qWla(~B) + q~UI~(~.B), Cll = q~C~o(~B) + q~C~.(~), 

a s y s t e m  of l i n e a r  i nhomogeneous  e q u a t i o n s  wi th  t h r e e  unknowns qi,  q2, and d is  ob ta ined .  The c o e f f i c i e n t s  
o f  t h e s e  equa t ions  a r e  s m o o t h  func t ions  of the index ~ and the s e l f - s i m i l a r i t y  index  k and can  be ob ta ined  only  
b y  n u m e r i c a l  i n t e g r a t i o n ,  hence  i t  should  be  e x p e c t e d  that  the  d e t e r m i n a n t  of the s y s t e m  is  d i f f e r e n t  f r o m  z e r o  

259 



in the gene ra l  ca se ,  as is conf i rmed  by a numer ica l  counting of the individual va r ian t s .  If the de te rminan t  of 
the s y s t e m  should happen to equal zero ,  then pe rhaps  it would be for  exceptional  values  of ~ and k. The se t -  
up of the shock f ront  and finding the gasdynamic  functions behind it in a second approximat ion is te rmina ted  
comple t e ly  by the de te rmina t ion  of q~, q2, and d. 

It  follows f r o m  the asympto t ic  fo rmu la s  (7.3) and (7.5) and the represen ta t ion  of the functions that the 
va lues  of the additions fo r  the veloci ty  and the en t ropy at  the cen te r  ( r = 0 ,  t -  > 0) a r e  zero .  

Lutskii  p e r f o r m e d  a numer i ca l  computat ion of the second t e r m  of the asympto t ic  for  va lues  of the 
index ~t=3 (k=1.411332, v =1.233996, ~1 =0.822664). Values of the constant  coeff ic ients  a r e  obtained as  a r e -  
sul t  of n u m e r i c a l  in tegrat ion for  the asympto t ic  fo rmulas  (2.4), (2.2) and (7.1) goverr~ing the shape of the f r ee  
boundary,  the shock f ront ,  and the values  of the gasdynamic  functions as r ~ 0 ,  t ~  0: The equation of the f r ee  
boundary  is 

I c2 

the values  of the gasdynamic  functions on the s l i t  a r e  

u ~ r X - k [ 0 . 5 i 5 0  ~-9.463-~0 , r ' ] ,  

[ ~ 1 c ~. - -  ~ r l -~  0.5480 + 8.5t4 ~ r '_ ,  
% J 

the equation of the shock f ront  is 

c~ r'] t ~ _ i  r k _ 0.6t32 -t- 6.8502 r 

and the values  of the gasdynamic  functions on the shock f ront  a r e  

u~.--~o rl-h 0 . t926 - -7 .2 t9 -~  j ,  

[ ] c ~ . - - ~ r  x-k 1.371~-40.0i [ [ r  v , S~-.i.2049~-5.i547~r v.so 

The author  is gra tefu l  to I. M. Gel ' fand who proposed execution of this r e s e a r c h ,  and to A. E. Lutskii  
fo r  pe r fo rming  the tedious computa t ions .  

lo 
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